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The order of a polyomino is the minimum number of congruent copies that can 
tile a rectangle. It is an open question whether any polyomino can have an odd 
order greater than one. Klarner has conjectured that no polyomino of order three 
exists, We prove Klarner’s conjecture by showing that if three congruent copies of 
a polyomino tile a rectangle then the polyomino itself is rectangular. The proof uses 
simple observations about the topology of a hypothetical tiling, and symmetry 
arguments play a key role. Ii” 1992 Academic Press. Inc. 
Let Y be a square lattice in the plane. A polyomino is a connected set 
that is the union of finitely many unit cells from 9. Klarner [2] defined 
the order of a polyomino P to be the minimum number of congruent copies 
of P (permitting reflections as well as rotations and translations) that can 
tile a rectangle. If P does not tile a rectangle in this manner then its order 
is undefined. It is an open question whether any polyomino can have odd 
order > 1. Klarner [2] conjectured that no polyomino of order 3 exists: 
“This idea is intuitively clear, but it seems difficult to formulate a precise 
proof.” 
The problem appears still to be open, Golomb [l]. In this paper we 
prove Klarner’s order-3 conjecture by showing that if three congruent 
copies of a polyomino P tile a rectangle then P itself is rectangular. The 
proof is elementary, involving some simple observations about the 
topology of a hypothetical tiling; its main interest is perhaps the manner in 
which symmetry arguments are employed. It is very special and probably 
cannot be extended to prove the non-existence of polyominoes of odd 
order 25. The proof was stimulated by discussions reported in Stewart 
[3]. I am grateful to Samuel Maltby for pointing out errors in an earlier 
version. 
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THEOREM. If three congruent copies of a connected polyomino P tile a 
rectangle, then P is itself rectangular and the tiling is as shown in Fig. 1 or 
Fig. 2. 
Proof. The proof is carried out in a series of steps, numbered below in 
boldface. Let congruent copies A, B, C of P tile a rectangle R. As a conven- 
tion we assume that the lattice Y, and hence also R, is oriented in the 
usual manner relative to orthogonal coordinate axes in the plane, and use 
the terms horizontal, vertical, top, bottom, left, and right to refer to posi- 
tions and directions in R. We denote the boundary of R by aR. Defined the 
frame q(Q) of any polyomino Q to be the smallest rectangle with 
horizontal and vertical sides that contains Q. Congruent polyominoes have 
congruent frames. 
We make two preliminary remarks, which may be used hereafter without 
further comment: 
(a) If at any stage we show that one of A, B, C is a rectangle, then so 
are the other two and the conclusion follows immediately. 
(b) Each of A, B, C meets 8R in either a connected set, or in two 
disconnected intervals lying on opposite edges of R. 
The proof of (a) is trivial. To prove (b), suppose that A meets aR in 
a disconnected set that is not the union of two intervals lying on opposite 
edges of R. Then A, together with part of aR, completely surrounds 
either B or C. This implies that q(B) or q(C) is smaller than q(A), a 
contradiction. The same goes for B and C. 
We now begin the main proof: 
1. There are four corner cells in R, and therefore at least two of 
these belong to the same polyomino, without loss of generality A. Suppose 
that A contains two diagonally opposite corner cells of R. Then (b) implies 
that it also contains a third corner cell. Therefore A contains two adjacent 
corner cells of R. Let E be the edge of R joining those two corners. Now 
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(b) implies that either A contains every cell of R adjacent to E, or every 
cell adjacent to the edge of R opposite to E. Thus A contains all cells along 
some edge of R. This edge may not be unique (though if it is not the 
theorem follows very easily), so we choose such an edge and call it the base 
E(A) of A. We choose to draw R so that s(A) is its left edge. Observe that 
A lies entirely to one side of s(A), (1) 
A lies between the two lines orthogonal to the ends of s(A). (2) 
Since B and C are congruent to A there exist rigid motions /I, y of R2 
mapping A to B, C, respectively. We define the bases of B and C to be the 
images of the base of A under B, y: 
E(B) = B(4A )); 
E(C) = -AdA)). 
Either one of these, without loss of generality E(B), is parallel to E(A) (go 
to Case 2) or both E(B) and E(C) are at right angles to E(A) (go to Case 6). 
2. If E(B) is parallel to A, we claim that it must lie along the right 
edge of R, opposite to E. Suppose not; then we have the situation of Fig. 3, 
where bases are drawn as heavy lines. If B lies to the left of E(B) then C 
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must fill the region between E(B) and the right-hand edge of R; hence C is 
a rectangle. If B lies to the right of E(B) then A must fill the region between 
E(A) and E(B); so A is a rectangle. Therefore E(B) lies along the right edge 
of R. 
3. The situation is now as in Fig. 4, with C between A and B, and 
each of E(A), E(B) occupying an entire edge of R. We may not yet assume 
that C meets either the top or bottom edge of R, and this aspect of Fig. 3 
should be ignored. 
Now C is congruent to B, either by a translation, a (translation plus a) 
rotation, or a (translation plus a) reflection. In what follows we omit the 
bracketed phrase. If C is a translate of B or a rotation of B through rc then 
we argue as in 2. If C is a reflection of B in a horizontal axis then C lies 
to the left of s(C) which implies that B is a rectangle. If C is a reflection 
of B in a vertical axis then C lies to the right of s(C) which implies that 
A is a rectangle. 
4. Therefore C is a rotation of B through frc/2 or a reflection in 
a line making an angle + 7r/2 with the horizontal. That is, s(C) is 
horizontal. 
5. B is either a reflection of A in a vertical axis, or a rotation of A 
through n. If B is a rotation of A through X, then C is symmetric under 
rotation through 7c about its centre. Therefore A is symmetric under rota- 
tion through rc about its centre, implying that A is a rectangle because s(A) 
is an entire side of R. If B is a reflection of A in a vertical axis then C has 
a vertical axis of symmetry. Therefore A and B have a horizontal axis of 
symmetry. Therefore C has a horizontal axis of symmetry, so A and B have 
a vertical axis of symmetry. But again this implies that A is a rectangle. 
6. We now know that both E(B) and s(C) are horizontal. Suppose 
that they do not both lie on aR. Then at least one, without loss of 
generality E(B), lies inside R; moreover, by reflecting the entire diagram in 
a horizontal axis if necessary, we may assume that B lies above E(B), as in 
Fig. 5. If the right-hand edge of E(B) does not lie on i?R then the corner cell 
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of R marked with * in Fig. 5 lies in C. But this implies that q(C) is bigger 
than q(B), a contradiction. Therefore E(B) meets the right-hand edge of R. 
The part of that edge above E(B) must lie in B; for if any points of it lie 
in A (resp. C) then q(A) (resp. q(C)) is bigger than q(B). Similarly the 
parts of the right-hand edge of R below E(B) lie in C, and E(C) lies along 
the bottom edge of R and extends to the bottom right corner. We now 
have the situation of Fig. 6, and both B and C lie to the right of the dotted 
line PQ by (2) above. 
7. C is either a translate of B or a reflection about a vertical axis. 
But in the latter case the right-hand edge of C, which is a vertical line, is 
congruent to the left-hand edge of B. It follows easily that B is a rectangle. 
Therefore C is a translate of B. 
8. Unless we are in the case of Fig. 2, A must intersect B in at least 
one lattice cell, hence A extends into cp( B) across PQ. Since C is congruent 
to B by translation, A also extends into q(C) across PQ, and A n q(B) is 
a translate of A n q(C), as in fig. 7. Consider now the line HK in Fig. 7, 
which forms the right-hand side of q(A). Observe that A differs from q(A) 
by the removal of a region Z and a translate Z’ of Z. Moreover, Z meets 
HK only within its interior. The corresponding situation must occur along 
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the top edge of B, which is congruent to the right edge of A, but it cannot, 
since the top edge of B meets the top edge of R in a connected interval by 
(b) above. It follows that A is a rectangle, cut off from R along PQ. 
9. The remaining case is when both E(B) and s(C) lie along dR. If 
they both lie along the same edge then by facts (1) and (2) above it easily 
follows that we have the situation of Fig. 1. 
We may therefore assume without loss of generality that E(B) lies along 
the top edge and s(C) along the bottom edge of R. As in 6 above each of 
E(B) and E(C) extends into the corresponding corner of R. By (b) above we 
have the situation of Fig. 8. 
10. Either C is B rotated through 7c or C is B reflected about a 
horizontal axis. If C is B rotated through T then B u C is symmetric under 
rotation through rt about its centre, whence the left-hand edge of B u C is 
a vertical line; so A is a rectangle. If C is B reflected in a horizontal line 
then B u C is symmetric under such a reflection; hence so is A. But this 
implies that B and C are symmetric under reflection in a vertical line; so 
Bu C is a rectangle; hence A is a rectangle. 
This completes the proof. 1 
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136 NOTE 
The proof can easily be modified to show that if three copies of a 
connected closed set X, congruent under translations, reflections, and 
rotations through multiples of a right angle, tile a rectangle, then X is 
rectangular and the arrangement is the same as for polyominoes. It is not 
clear how to extend the proof to include the possibility of arbitrary 
rotations. 
REFERENCES 
1. S. W. GOLOMB, Polyominoes which tile rectangles. J. Combin. Theory Ser. A 51 (1989). 
117-124. 
2. D. A. KLARNER, Packing a rectangle with congruent N-ominoes, J. Combin. Theory 7 
(1969), 107-115. 
3. 1. N. STEWART, Pavages et titonnements, Pour La Science 150 (April 1990), 94-98. 
